VECTOR COHERENT STATES WITH AN UNBOUNDED 
INVERSE FRAME OPERATOR 
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Abstract. We present a class of vector coherent states in the domain D X 
D X .... X D (n-copies), where D is the complex unit disc, using a specific class 
of hermitian matrices. Further, as an example, we build vector coherent states 
in the unit disc by considering the unit disc as the homogeneous space of the 
group SU(1, 1). 



1. Introduction 

As it is well-known, coherent states, CS has applications in several branches of 
quantum physics (for example, see j^j). CS can be defined in several ways pQ. In 
this article we take the following definition. 

Definition 1.1. Let Sj be a Hilbert space with an orthonormal basis {4>m}m=o an d 
C be the complex plane. For z G D, an open subset of C, the states 

(1.1) \z)=Af(\z\) 

are said to form a set of CS if 

(a) The states | z) are normalized, 

(b) The states | z) give a resolution of the identity, that is 

(1.2) / | z)W(\z\)(z \dfi = I 



where A/"(|^|) is the normalization factor, {/o(rn)}„ =0 i s a sequence of nonzero pos- 
itive real numbers, W(|z|) is a positive function called a weight function, d[i is an 
appropriately chosen measure and I is the identity operator on $j. 

In the literature, several interesting classes of CS were formed by changing the 
factors and parameters of (|l.lfl ffor example, the deformed CS). In [7] we have 
extended the above definition to a class of vector coherent states, VCS by replacing 
the complex number z by a matrix Z and gave several examples using quaternion 
matrices. In this article we develop another class of VCS with a particular type of 
hermitian matrix. 

2. Vector Coherent States with an Unbounded frame operator 

In this section we present VCS in the domain D x D x .... x D (n-copies), where 
D = {z G C | \z\ < 1} is the complex unit disc, using a hermitian matrix. 
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2.1. Vector coherent states. For z\, Z2, z n -i € -D, let Z = (z\, Z2, z n -\). 
Define the n x n hermitian matrix, Z as 

(2.1) Z = I n+ (} Z \ 

\ / nxn 

where Z is the complex conjugate transpose of Z. Let {x , x 2 , X™} De the 
natural orthonormal basis of C™.Form the Hilbert space $j = C™®ij, where (g> is the 
tensor product. Let ip m — ^pj- The set, {$ qm = x q ®^m \ q= l...n, m = O...00}, is 

a basis off). With the above set up we form the set of VCS in L 2 (Dx Dx ... x D, d/z), 
where we take 

(2.2) dn = rir 2 ...r n -idrid6idr2d62---dr n -id6 n -i 

by taking Zj = rje l0j , j = 1,2, ..n — l,as 

00 

(2.3) |Z,g)=AA(|Z|)^i?(m)Z m $ 9m , g=l,2,...,n 

m=0 

The number A/" = AT(|Z|) and the nxn matrix R{m) have to be chosen suitably. 
First of all let us calculate Z m by diagonalizing the matrix Z. The eigenvalues 
of Z arc 1, 1 + a and 1 — a with multiplicities n — 2,1 and 1 respectively, where 

r i + r 2 + ••• + r n-i- ^ sct °f orthogonal normalized eigenvectors 
corresponding to the eigenvalue, 1 are 

V x = -= ( -z 2 Zi ... ) 
v &i 



^2 

^3 



: ( -gz 3 -^^1^3 *i ... ) 

: ( -£^4 --iziZ2"Z4 -^Zxz^Zi zi ... ) 

Va = ( rv ~r\z 5 -Zi~Z2Z$ -Z1Z3Z5 -Zi542 5 D D H \ 

VA - riv ^ v u "3 63 b 3 b3 z i u u - u ; 

_ \fbk / -r\z 6 -ztT^za -zizjz 6 -zxl^zg -zxTgzn g 

r lV^5 ^ h4 &4 64 64 &4 

K «-2 - 77= I 



ZlZn-2Z n -l 



where bj = r\ + r| + ....r| +1 , j = 1, 2...n — 3. Eigenvectors corresponding to the 
eigenvalues 1 + a and 1 — a are 
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respectively. The set {Vi, V2, V n } is an orthonormal set with unit vectors. Form 
a matrix P by placing VjS as columns, i.e, 

p=( v? V? ... VJ ). 

Then P T ZP = D, a diagonal matrix with the eigenvalues over the diagonal. Thus 
we obtain Z m = PD m P^ = {cij) nxn , where 

C11 = E m 

OmZl-l , 

c/i = , / = 2,3,...,n 

a 

OmZj— 1 ■ o 

cij = ^ — , J = 2,3, ...,n 

c« = 5 , l = 2,3,..,n 



with 

(2.4) E m = I[(l + a r + (l-an 

(2.5) O m = I[(i + a r-(l-aH. 

Further notice that (Z m )^ = Z m . Before we choose Af and R(m) suitably, let us 
write R(m) tentatively as R(m) = (ceij) where 

a ll = R m e m \ a H = S m e im9 ,l^l, a tj =0,l^j 

with 

6 = 01+02 + -+0n-l. 

Consider 

00 00 
\Z, 1)(Z, 1| = M 2 \J2 R(m)Z m <Z> lm )(J2 R{k)Z k $> lk I 

m=0 k=0 

00 00 

= N2 E E 1 fi(™)2 m $ lm )(i?(fc)z fe $ lfe 1 



m=0 &;=0 
00 00 



= ^ EE fl H r!i ' ( zfe ) ® 1 v-mXV'fc 1 

m=0 fc=0 

where = (s|^) with = 1 and s\V = for I ^ l,j + 1 1. The matrix 

\ J / nxn J 

multiplication yields, 



R^z^n, (z k ? (R(krf = (fW) 

\ J /nxn 
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where 

/« = R m R k E m E k e^ m - k ^ 

f\i ] = S m S k O m O k r -^e^ m ~ k \ Z = 2,3,...,n 

/« = ^^S^^e^-^^-!), J = 2,3,...,n 
a 

fH ] = R k E k S m O m r -^-e^ me - k6 - 6 ^\ Z = 2,3,...,n 

/// } = S m S k O m O k r j - 1 rt-ie« m0 - k$+0 >- 1 - 0t - 1 \ j,l = 2,3, ...,n;j ^ /. 



Thus we obtain 



oo oo 



(2.6) |Z, 1)<Z, 1| = AA 2 £ ^ f/f) ® | ^ m )^ k 

\ / 7?. X 71 



m=0 fc=0 



Similarly, in order to obtain |Z, 2)(Z, 2| we calculate 

R(m)Z m n 2 (Z fe ) t (ii(fc)) t =(/ i f) ) 



where 



4 2) = g m g fc {TlEm + f ^ [r\E k + a 2 - r») e "C"-*> 

/f = SA ^-y" 11 ^-^^', Z = 3,4,...,n 

4 2) = ^L ei(mfl_fc0 ~° , " l) . i = l,/ = 2,3,...,n 

= Bgl k e^- k ^\ l = l,j = 2,3,...,n;j^l. 
flf = Ct? mk e* me - ke+e ^- e ^\ otherwise 

Where 4jm*i^lim* anc ^ ^ijmk are some functions of m, fc and ri,rjs, exact expres- 
sions are irrelevant for our purpose. Thus we obtain 

oo oo 

(2.7) \2,2)(Z,2\ =^ 2 Y,Y, (4 2) ) ® I I ■ 

m=0 fc=0 

In general, in order to get \Z, q){Z, q\, we calculate 

R(m)Z™Q q (Z k )\R(krf = (/<?>) 
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where 



1 9 _ t? t? n n g- 1 %e(m-k) 

fif = Sm S k ir «- lEm + f ~ rU \ rUE k + a 2 - 

/(«) = SkS J Em - 1] f k - 1] \ \_ x rUe^ m - k \ l*q,l = 2,A,..., 
fif = 4? mk e^-™-^\ j = l,l = 2,3,...,n 
ft? = Blf mk e^ s - ks+e ^\ l = l,j = 2,3,...,n;j*l. 
flf = Clf mk e^ me - ke+9 i-i- e '-i\ otherwise 
Thus we obtain 

oo oo 

(2.8) \Z, q)(Z, q\ = TV 2 £ £ (/<?>) ® | VU<V> fe I • 

m=0 fc=0 

Now, when we compute 



n ^ 
9 =1 JDx...xD 



all the off-diagonal terms vanish with one of the 81,62, ...,6 n -i integrals and only 
in the diagonals terms with m = k survive. Thus we obtain 



n r 



I Z,q)(Z,q I dfj, = {Dij) r 

Dx...xD 



where 

Dn = £ n, = E / ^ 2 RrJ E2 m + oiw) ® I I 

n 

Du = £/« 

9=1 

= y. / 5 ™ 2 * siwm, « 

Dy = otherwise. 
Choose 

(2.9) N 



D " = E ( /' - /' a2i? ™(^m + 2 m )d ri ...dr n ^) ® I 

m =o vo J o / 

00 , -1 -1 

D " = E / ■" / ^.(»f-i(^ + °™) + « 2 - r?_i)dri...dr„. 



Then 



m=0 

and 



® I ^ m )(lpr, 
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The following integrals arc finite and positive 

N lm = f ... f a 2 R 2 m (E 2 n + 2 n )dr 1 ...dr n ^ 1 
Jo Jo 

N 2m = f ... f S 2 m (rf_ 1 (El + 2 m ) + a 2 -rl 1 )dr 1 ...dr n - 1 (for any)/ = 2, 3, .. 
Jo Jo 

Further N\ m = (n — l)N2 m — j(n — 2). Now choose 
(2.10) R m = 

Then we obtain 



and S m = 



n „ oo 

E / I Z, q) (Z, q | d[i = I„ ® E | Vm> (V>n 

iJDx.-.xD m=1 



Now let 
(2.11) 



T = I„® E | Vm)<^ 



m— 1 



which is a bounded invertible operator with KerT = {0}, for 

iferT = {$ e £ | T$ = 0}. 
Every vector $ in $j can be written as 



\k=l 



fe=l 



fc=l 



Thus T$ = gives 



(1 1 1 

S (m+1) 2 I I' E ( m +l)2 1 0m)( ^ m 51 ( m+ l)2 I 

m=l ^ ' m=l ^ ' m=l ^ ' 



E a fc i0 fc , E afc 2 0fe, •■••X! a fc«^ = (°> °> ■— °) 



\fe=l 

Hence, for each i, we get 



fe=i 



fc=i 



oo _^ 

S (m+1) 2 ^ 

m=l v 7 



0. 



With the fact that {4> m }m=o i s an orthonormal basis, for each m and for each i, we 
have a m i = 0. Thus we have KerT = {0}. The inverse of T exists and the domain 
of T" 1 , V{T- V ) is dense in ft. For 4> e V^- 1 ), consider 



T(T"V) = 



n p 

E / \Z,q){Z,q 

.9=1 ^ 



That is 



n „ 

E / l-Z.ffX-Z.ffIT- 1 

q =l J D 



4>)d^. 
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Thus, for the vectors in T>{T~ l ) we have a proper decomposition in the above sense. 
Now let (j> £ Jo, then there exists a sequence {?7m}m=o C I?(7 1 ~ 1 ) such that r\ m — ► <j> 
as Tfi — > oo in i}. Further for each ry m we have, 

n « 

q=l J D 

Now by taking limit both sides as m — > oo, we can have 




In this regard, we have a week decomposition for the vectors in Sj — T>{T~ l ). Even 
though we do not have a complete resolution of the identity the CS form a frame 
with the frame operator T (see pQ). The inverse operator, T _1 is unbounded. 





< a 




{g\ 9 =[ 


v P 


S) 



3. Example: Vector coherent states with SU(1,1) 

In this section we build vector coherent states on D by considering it as the 
homogeneous space of the group SU(1, 1). In order to introduce the concept we 
need the following preliminaries. 
The non-compact group SU(1, 1) is defined as, 

; a, /3 € C, det g = |a| 2 - \f3\ 2 = 1 

and its maximal compact subgroup K is given by 

K=^k\k=(^ e4 Q J;0<*<2,r}. 

The Cartan decomposition of an arbitrary g £ SU(1, 1) is, 

where z — f3a _1 and \a\ = (1 — |z| 2 )~2. 

Thus the coset space SU(1, 1)/K can be identified with the unit disc. Further it is 
known that the measure 

. _ 1 dz A dz 

on D is invariant under the action of SU(l, 1). In polar coordinates 

1 re lf) ' 
z -i8 1 

rdrdO 





z x 




i 




l-( 



Z -- 

du(z, 1) = dv(r, i 



7r(l-r 2 ) 2 

where < r < 1 and < 8 < 2ir. Let {x^X 2 } be the natural basis of C 2 . Now, 
as before, form the Hilbert space f) = C 2 <g> and take {$ gm = x 9 ® | q = 
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1,2; to = 0, 1, ...,oo} as a basis of it. With the above set up we form the set of 
coherent states in L 2 (D,d/i) as, 

oo 

\Z,q) =M{\Z\) RmZ m $ qm , q=l,2 

by suitably choosing the number J\f = Af(\Z\) and a 2 x 2 matrix R(m). 
As we did before through diagonalization we obtain 

E O pi® 

(1 p ie E 



with 



E m = I[(l + r )™ + (l_ r )™] 
O m = i[(l + r) m -(l-r) m ]. 



R m e lme 



Take 

R{m) = , Q Rmelmg 
Now with the above choices, matrix multiplication yields 



(3.1) | 2,1) = MJ2 

oo 

(3.2) | 2,2) = A/-£ 

m=0 

First let us calculate the following finite integrals 



/? e imB E ib 

D iradQ I 

m=0 x 

E> p im0Q I 

D im0 TP ; 



J^J&rdr = f o \{l + r? m + \{l - r 2 ) m + \(l - r) 2m rdr 



4 \^V J /i + 2 3 ' J j + 2 } 4(to+1) 
1 4 m + 1 + TO 



and 



2 (2to+ 1)(to+ 1) 

-\(t 



2 "' / 2to \ 1 C"^ / 'In, \ (-iy \ 1 



4 l^V 3 J J + 2 J 7 .7+2 ; 4(to+1) 

4 m _ j 



2 (2to + l)(m + 1)' 
With the above two integrals we can also have 



Jo 



_2 , _ 2 N , 2 x 4 m TO + 1 



Q « + °^- 2(2m+1)(m + 1) - 
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Further notice that (ip m \ tp m ) = ^ m yi ■ Simple calculations yields 



Now let us choose 

(3.5) TV = — (1 + r 2 ) 

7T 



rdOdr 



(3.6) 

With these choices we have 
(Z,1\Z,1) = (Z,2\Z,2) 



(2m + l)(m + 1) 
2 x 4 m m + 1 



^ o i 7 7T 2 2x4™m+l v m m; 



- E 



1 6 



^ n (1 + m) 2 ^ 2 

= 1 

Let us turn our attention to the resolution of identity with a calculation of 

oo oo 

\Z,1)(Z,1\ = ]T^AA 2 |i? m Z m <i> lm )(i? fe Z fe <i> lfe | 



m=0 fc=0 
oo oo 



= ]T^AA 2 i? m Z m |$ lm )(<I> lfe |i4Z^ 



m=0 k=0 



■2 ( R m e ime \ / E m O m e t0 
R m e lmf) ) \ O m e~ ie E„ 



m=0 k=0 

( 1 \ / E m O m e w \ / i? m e-™ e 
v J v O m e- i9 E m ) \ i? m e- me 

V V AA 2 ( ^ m ^^ m S fe e^( m - fe ) R m R k E m O k e ie ^+ k +^ \ 

m=0 fe=0 v ' 

J D W\Z,l)(Z,l\dv=^ °) 

(3-7) A = f /7^W^®l«fcl 

(3-8) B = E fj^RlOlW " dM " ® I I ■ 

^Jo Jo 7r(l+r) 



Thus we get 



where 



Similarly we get 

B 
A 



J^W\Z,2){Z,2\d^=(^ 
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With all these we have 

(3.9) f W \Z,l)(Z,l\dfi+ f W\Z,2)(Z,2\dfi = 

J D J D 

Now let us calculate A + B 

°o pIlX pi 



A + B 
A + B 



±? n Jo Jo ir(l + r 2 y 



m=0 

In order to get 

rdOdr 



I* t N 2 R 2 m {E 2 m + 2 m )W^ 
Jo Jo 



+ r 2 ) 5 



let us choose 



W=-. 



With this choice we have 

r2ir pi 



/ / M 2 R 2 m (E 2 m + 2 m )W 
Jo Jo n(l+r 2 y 

f 2rr f 1 6(1 + r 2 ) 2 (2m + \){m + 1) 2 2 ^ 2 rdOdr 

Jo Jo 7T 2 2x4™m + l ( m + 



6 7r(l + r 2 ) 



2x4 m m+l 6 (2m + l)(m + l)7r 2 
~~ 2(2m+ l)(m+ 1) tt 2 " 2 x 4 m m + 1 ~6~ ^ 
= 1 

Now we have 

oo 

(3.10) A + B= \*Pm)Wm I 

rn—0 

which yields 

/ W\Z,l)(Z,l\dpi+ f W\Z,2){Z,2\d f M = I 2 ®Y l \ ip m )(ip m \- 

jD Jd m=0 

Let 

OO 

T=h® I V'mXV'm | • 

m=0 

Thus we have an operator T as in equation l|2.11|l with n = 2. The decomposition 
of any vector <j) in Sj follows by replacing n — 2 in the discussion which we have 
right after equation (|2.11() . 



4. Remarks and Discussions 

In this section we will discuss some other possibilities of our choices over the 
construction and resulting difficulties. 

• We have chosen a basis of the Hilbert space in an unusual way as ip m — 
-^fl- We explain the convenience of this choice using the SU (1,1) example. 
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Instead of this choice if we take <p m , in equations 1)3. 1|1 and we will 

have 4> m instead of ip m , which will change equations 1)3. 3|1 and 1)3.4)1 as 

•1) (Z,1\Z,D = E C jf ^ R "n(El + Ol^ jf^ 



m=0 



(Z,2\Z,2) = ]T / / M 2 R 2 m {El + Ol 

^_n"'0 JO 



7r(l + r 2 ) 2 

rdOdr 
7r(l + r 2 ) 2 ' 



m=0 

Further, in equation 1)3.9)1 ip m will be replaced by m , i.e, 
•3) A + B=jr | M(<f> m | f N*Rl{El + Ol)W M ' 



m=0 

So in 1)4. 3|) by choosing 



7r(l + r 2 ) 



2\2 " 



fl + r 2 ) 1 
A/" = -t= ' , = and W = l 



V2 ' ™ 

with 



JV m - / r(£& + O'Jdr 



2 x 4 m m + 1 
2(2to+ l)(m + 1) 



we can have the resolution of identity. But these choices will make the 
series in H4.lt and 1)4.2)1 diverge. In order to have the convergence in (|4.1() 
and (|4.2|) . at least we have to have 



2 2 x 4 m m + 1 1 



2(2m + l)(m + l) m*> 
with p > 1. If we make such a choice for i? m , our moment problem will be 



. , . „- , 2 x 4 m m + 1 



« + O'JWrdr 



2(2m + l)(m + l) 



We have experienced difficulty in solving this moment problem by taking 
W as a function of r only, but it can be solved if we take W = f(r,m). 
Generally, as a weight function, dependence of W on m is not allowed. In 
this regard, we made the choice ip m — ■ Notice also that ip m can be 
chosen in many ways in a similar fashion. 

• We have obtained proper decomposition for the vectors in our intended 
space up to a dense subset. The effort of getting the decomposition for the 
remaining nowhere dense set is limited by the unboundedness of the inverse 
operator T _1 . In this case, we have an approximation for the decomposi- 
tion. 

• The SU (1,1) example presented here can be considered as a preliminary 
step of constructing vector coherent states on classical domains. The con- 
struction directly depends on the explicit form of the elements of the clas- 
sical groups. As we know, many of the matrix groups consist elements 
with an unpleasant explicit form in terms of calculations. In this regard, 
construction of vector coherent states on other classical domains may need 
little more effort. 
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